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Abstract
We use quantum electrodynamics and the Bethe-Salpeter equation to cal-
culate the bound state energies for a two-particle system comprised of a spin-0
and spin-1/2 particle. We generalize our treatment to include the finite size
of the nucleus and of the meson and our results can be applied to kaonic and
pionic atoms. Our treatment includes quantum electrodynamics and recoils
corrections to all orders.
1 Introduction
Exotic atoms can be of great value in the investigation of the threshold of the onset
of strong interactions. For this it is useful to use the difference between the measured
X-ray energy and the value of the corresponding electromagnetic energy[1]. Thus to
gain insight into the strong interaction effects, we must remove the electromagnetic
contribution so we need to know how to calculate this precisely. In 1990 Owen found
a new representation of the Klein-Gordon propagator which allows a convenient for-
mulation of the bound state problem using the Bethe-Salpeter equation, or which
one of the particles is spinless [2] [3] [4]. By separating the positive and negative en-
ergy parts of the propagator, a two-component formalism was obtained in which the
inverse of the Klein-Gordon propagator is linear in the momentum p0. This makes
it possible to combine it with the Dirac propagator, and generalize this formalism
to include the finite size (i.e., form factors) of both the particles. Thus our aim
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is to calculate the energy levels of the meson-nucleus system with a purely electro-
magnetic interaction which includes all recoil corrections. This necessitates the use
of the Bethe-Salpeter equation for systems in which recoil cannot be neglected. In
the Bethe-Salpeter equation the entire recoil contribution to the energy is included.
For S-states the effect of the strong interaction is dominant and a comparisons with
experiment cannot be made until this is taken into account. We leave these con-
siderations for a future work since our concern here is the purely electromagnetic
interaction.
There has been interest in this problem due to new theoretical treatment using
the Breit equation [5] and recent experimental results. We must point out that there
is a fundamental difference between the Breit equation approach, which is based
on an approximate formulation of the two body problem, and the Bethe-Salpeter
equation which is a method for finding the location of the poles of the two-particle,
relativistic quantum Green’s function. As it relates to quantum electrodynamics,
this approach can give the location of the energy levels as precisely as one desires.
2 Review of the Theory
2.1 Lagrangian
We take for our free Lagrangian [3] [4]
L0 = ψ¯′( 6 p−ma)ψ′ + i
2
(Φ¯′ Φ˙′ − ˙¯Φ′Φ′)−
3∑
k=1
∂Φ¯′
∂xk
M
2mb
∂Φ′
∂xk
−mbΦ¯′βsΦ′ (1)
while our interaction Lagrangian is obtained from Eq. 1 by minimal coupling and M
and βs are given by the matrices, respectively:
M =
(
1 1
−1 −1
)
βs =
(
1 0
0 −1
)
(2)
while ma and mb are the respective masses of the particles. The total Lagrangian
for our nucleon-meson system can be written
L0−1/2 = L0 − 1
4
F µνFµν + Lint0−1/2 (3)
where the second term is the Lagrangian of the free electro-magnetic field and third
term represents the electromagnetic interaction between the nucleon and meson. The
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hadronic content will be expressed by the charge distribution of these particles. That
is, we can write [6]
Hint0−1/2(x) = −Lint0−1/2 = iebA′(x′, t)ρpi(x′ − x) ·
[
(∇Φ¯′(x)) M
2mb
Φ′(x)− Φ¯′(x)) M
2mb
∇Φ′(x)
]
+e2bA
′2(x′, t)ρpi(x
′ − x)Φ¯′(x) M
2mb
Φ′(x)− eaψ′+(x)γ ·A′(x′, t)ρN(x′ − x)ψ′(x) +Hc(x) (4)
where ρpi and ρN are the Fourier transforms of the pion and nucleon and where the
contribution to the Coulomb Hamiltonian is given by
Hc =
∫
d3xHc(x) = Hcs+eaeb
4pi
∫
d3xd3y
ψ′+(x, t)ψ′(x, t)Φ¯′(y, t)Φ′(y, t)ρN(x− x′)ρpi(y − y′)
|x′ − y′|
(5)
where the integrations over x′ and y′ are understood and Hcs describes the Coulomb
self-interaction Hamiltonian which only plays apart when renormalization is consid-
ered. In principle, we should have added an additional term to Eq. 4 to describe
the contribution of anomalous magnetic moment of the proton to the interaction
Hamiltonian. However, in the bound state energy levels that we consider, this term
will not give any additional contribution so for simplicity, we have neglected it.
2.2 Bethe-Salpeter Equation
The Bethe-Salpeter equation [7] can be written as
G(1, 2; 3, 4) = G0(1, 2; 3, 4) +G0(1, 2; 5, 6)I(5.6; 7, 8)G(7, 8; 3, 4) (6)
where
G(1, 2; 3, 4) = − < 0|T [ψ′(x1)Φ′(x2)ψ¯′(x3)Φ¯′(x4)]|0 >= − < 0|T [ψ(x1)Φ(x2)ψ¯(x3)Φ¯(x4)S]|0 >
(7)
where
S =
∑ (−i)n
n!
∫
dy1 . . . dynT {Hint(y1) . . .Hint(yn)} (8)
The primes indicate that the fields are the fully interacting fields in the Heisenberg
representation. G0 is the Green’s function for non-interacting fields (i.e., Φ’s and ψ’s
are not interacting with each other but the electromagnetic field is not turned off)
and I is the irreducible interacting kernel which is defined by Eq. 6. Using Eq. 5 in
the Bethe-Salpeter equation, Eq. 6 we find for the Coulomb kernel
3
Ic(5, 6; 7, 8) = −ieaeb
4pi
γ0δ(x5−x7)δ(x6−x8)δ(x05−x06)
∫
d3x′d3y′
ρN (x7 − x′)ρpi(x8 − y′)
|x′ − y′|
(9)
and similarly this can be done for the other terms appearing in Eq.4. Except for the
appearance of the charge densities, ρN and ρpi these are the same as appear in the
paper by Owen [4]. So we shall not give them here. The Bethe-Salpeter equation
appearing in Eq. 6 can be written in C. M. coordinates 1.and for which the CM four
vector K = (K, 0)
φK(x) = GK(x, x
′)IK(x
′, x′′)φK(x
′′) where φK =< 0|T {ψ′(ηbx)Φ′(−ηax)} |K >
(10)
with x = x1 − x2 and the only restriction on the η’s is that ηa + ηb = 1. Although
GK(x, x
′) represents the free propagation of a nucleon and scalar meson in which each
of the particles is fully ’dressed’, the order α4 which is the accuracy of our calculation,
we can treat each of these as free, non-interacting particles. The contributions of
the self-interactions does not contribute to order α4 and at most, can contribute to
order α5. Hence we can write GK(x, x
′) as 2
GK(x, x
′) =
∫
d4p
(2pi)4
exp[−ip · (x− x′)]SFa(ηaK + p)∆ˆ(ηbK − p)
=
∫
d4p
(2pi)4
exp[−ip · (x− x′)] 1
2Eb(p)
1
(ηaK + p0)γ0 − γ · p−ma
·βs 1
(ηbK − p0)− Mγ·p2mb − βsmb
(11)
where
βˆs =


mb+
p
2
2mb
Eb(p)
p2
2mbEb(p)
− p2
2mbEb(p)
−mb+
p
2
2mb
Eb(p)

 ≈ βs + ϑ
(
p4
m4b
)
(12)
1for further details see reference [2]
2We have modified the definition of∆ˆ(p) from what appears in [4] by a factor βs so it now reads
∆ˆ(p) = [2E(p)(p0 − M2m − βsm)]−1βˆs. This insures the correct statistics without the worrisome
overall factor of (2p0)
−1 which was used in [4]
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By expanding this in partial fractions, we can write
GK(x, x
′) =
∫
d4p
(2pi)4
exp[−ip · (x− x′)] 1
K −Ha −HbΛK(x, x
′)βˆsγ0 (13)
with
ΛK(x, x
′) =
∫
d4p
(2pi)4
e−ip·(x−x
′)
2E(p)
{
1
ηaK + p0 − α · p− βma +
1
ηbK − p0 −M p22mb − βsmb
}
(14)
Using Eq. 11 in the Bethe-Salpeter equation in CM coordinates, Eq. 10, we can
write
[K − α · p−maβ −M p
2
2mb
−mbβs]φK(x) = [δ(x− x′) + ΩK(x, x′]βˆsγ0ieaeb
4pi
δ(x′ − x′′)δ(x′0)
·
∫
d3ud3v
ρN(u)ρpi(v)
|x+ u− v|φK(x
′′)
+I ′K(x, x
′)φK(x
′) (15)
where we have written ΛK(x, x
′) appearing in Eq.13
ΛK(x, x
′) = δ(x− x′) + ΩK(x, x′) (16)
This will enable us to obtain a Coulomb equation that is tractable and we have
defined
I ′K(x, x
′) = IK(x, x
′)− Ic(x, x′) (17)
In this work, we shall only be concerned with contributions of order α4 and since
it has been shown that the term ΩK(x, x
′) contributes are at most, order α5 so we
can ignore this term as well. Thus, if we can treat I ′K(x, x
′) as a perturbation to
the zero-order equation obtained by truncating I ′K from the kernel. Using our above
treatment and the Foldy-Wouthuysen [8] [4] our zero-order equation is[
−∇
2
2µ
− α
∫
d3ud3v
ρN(u)ρpi(v)
|x+ u+ v|
]
φKc(x) = EφKc(x) (18)
where E = Kc −ma −mb and µ is the reduced mass.
The corrections to E we designate by ∆E where ∆E = K−Kc. To order α4 (i.e.,
including all recoil contributions) we need to calculate both the relativistic kinetic
corrections (i.e., E(p)− p2
2m
and those arising from the one photon exchange between
the proton and the bound meson. From [4] and from the treatment above, these are
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∆E = < − p
4
8m3a
− p
4
8m3b
+
α
4m2a
∫
d3ud3vρN (u)ρpi(v)
{
σa · (r+ u− v)× p
|r+ u− v|3 +
αpi
2m2a
δ(r+ u− v)
}
− α
2mamb
∫
d3ud3vρN (u)ρpi(v)
{
1
|r+ u− v|p
2 +
r+ u− v
|r+ u− v|3 ((r+ u− v) · p)p
− 1|r+ u− v|3σa · (r+ u− v)× p
}
> (19)
The first two terms in Eq. 19 are the relativistic kinetic terms, the next group of
terms in the curly brackets are from the spin-orbit interaction and the terms in the
last bracket are from the one-photon exchange.
3 Calculations
3.1 Gaussian Charge Distribution
One could assume, as a reasonable approximation to take both ρN and ρpi as Gaus-
sian. That is
ρN (u, σN) =
1√
(2pi)3σ6N
exp(− u
2
2σ2N
) ρpi(v, σpi) =
1√
(2pi)3σ6pi
exp(− v
2
2σ2pi
) (20)
where
√
< r2 >N =
√
3σ2N and
√
< r2 >pi =
√
3σ2pi. However, as a first approxi-
mation we take the simpler case for which the meson is point-like, i.e., σpi → 0. Then
ρpi(v, σpi) = δ(v). The integral in Eq. 18 reduces to∫
d3u
ρN (u)
|r+ u|
and for ρN in Eq. 20 we have a rather simple result∫
d3u
ρN(u, σN)
|r+ u| =
1
r
erf
[
r√
2σN
]
(21)
Writing the Coulomb wave function appearing in Eq. 18 as φKc(r) = Rnl(r)Ylm(θ, φ)
the equation for Rnl(r) following from Eq. 18 is
1
r2
d
dr
r2
dRnl(r)
dr
− l(l + 1)
r2
Rnl(r) + 2µ
(
Enl + α
1
r
erf
[
r√
2σN
])
Rnl(r) = 0 (22)
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For this approximation in which we take the meson radius to be zero and the
nucleon rms to be
√
3σ2N we need to solve Eq. 22 and use the φKc(r) that we obtain
to evaluate the contribution of the terms Eq. 19 where we can take v = 0 since
ρpi(v) = δ(v). For this case, ∆E of Eq 19 becomes
∆E = −
〈
p4
8m3a
− p
4
8m3b
+
α
4m2ar
2
(
1
r
erf(
r√
2σN
)− 1√
2σN
e
− r2
2σ2
N
)
σa · r× p
+
αpi
2m2a
1√
(2pi)3σ6N
e
− r2
2σN − α
2mambr
(
erf(
r√
2σN
)p2 +
1
r3
[√
8
pi
σNe
− r2
2σ2
N
+
1
r
(r2 − 2σ2N )erf(
r√
2σN
)
]
r · (r · p)p− 1
r2
[
1
r
erf(
r√
2σN
)− 1√
2σN
e
− r2
2σ2
N
]
·σa · r× p)〉 (23)
where the brackets mean that the values are to be calculated from the wave
function obtained by solving Eq 22.
The following tables include the α4 results in eV calculated from Eq.233.
contributions kaonic hydrogen kaonic helium3 kaonic carbon13
(Zα)2µ
2
8616.7 44739.9 45876
finite size correction -1.24 -295.3 -61220
total (Zα)2 contribution 8615.5 44444.6 393656
Energy Contributions of order (Zα)2
contributions kaonic hydrogen kaonic helium3 kaonic carbon13
−<p4>
8m1
-0.0302 -6.0069 -403.46
−<p4>
8m2
-0.0044 0.0326 -0.03
< Zαpi
2m2
1
√
(2pi)3σ6
exp (− r2
2σ2
) > -0.0531 -0.1699 -0.50
− < Zα
2m1m2r
erf( r√
2σ
)p2 > 14.4623 79.7487 661.73
− < Zα
2m1m2r
√
8
pi
exp (− r2
2σ2
)r · (r · p)p > 0.0011 0.1326 10.84
− < Zα
2m1m2r
( 1
r2
− 2σ2
r4
)erf( r√
2σ
)r · (r · p)p > 0.0983 0.7602 0.28
total (Zα)4 contribution 14.474 74.4321 268.31
Energy Corrections order (Zα)4
3The nuclear RMS used for the following tables was taken to be 1.2
√
3/5A1/3fm where A is the
atomic number
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4 Conclusion
We have used the Bethe-Salpeter equation to calculate to (Zα)4 electromagnetic
contribution to the energy levels of kaonic hydrogen, kaonic helium (K −3 He) and
kaonic carbon (K−13C). We have included finite size effects by assuming a gaussian
charge distribution in the heavier particle. To simplify the calculation we neglect the
finite size of kaon and calculate the much larger effect of the nuclear charge distribu-
tion. As can be seen in the second table, these contributions are not negligible. All
recoil contributions are obtained exactly by the use of the Bethe-Salpeter equation.
The knowledge of the electromagnetic contribution to these energy levels is essen-
tial to untangle the strong interaction from that of the electromagnetic contribution
[1]. Furthermore the investigation of bound state systems such as these, because
the interaction time is much longer than that in scattering experiments, allows for
additional, precision tests of QCD.
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